bounded by k 1/2 but omitted the proof of a key result. We give a new, elementary proof which highlights that the Hecke action is essentially 2-adically continuous in k.
Introduction
The ring of modular forms of level 1 mod 2 is isomorphic to a pn q n + a n q pn .
This action is nilpotent. The order of nilpotence n(k) of k is by definition the smallest positive integer such that for any set of primes p i and any n i with n i = n(k), we have
Section 2 recalls the results of Nicolas-Serre in [1] and [2] . They explicitly compute the n(k) and this allows them to determine the structure of the Hecke algebra. More precisely, they extract from the binary expansion of k a pair of integers n 3 (k) and n 5 (k) with the property that k →[n 3 (k), n 5 (k)] gives a bijection between the odd integers and N 2 . They then show that
and that n(k) = n 3 (k) + n 5 (k) + 1. The keystone of their argument is a pair of propositions describing exactly the action of T 3 and T 5 . In essence, the statement for T 3 is in the following proposition; there is an analogous statement for T 5 . Here, the height of k is the integer h(k) = n 3 (k) + n 5 (k).
Theorem 1 ([1], Proposition 4.3, rough form). Let k be an odd integer and let e be the highest exponent of T 3 ( k ). Then h(e) ≤ h(k) − 1.
Moreover, in almost all cases, n 3 (e) = n 3 (k) − 1 and n 5 (e) = n 5 (k).
Section 3 recalls the precise definition of n 3 (k) and n 5 (k) from [1] and derives some properties. In particular, we introduce the idea of viewing [n 3 (k), n 5 (k)] as a coordinate system for the odd integers, as shown in Fig. 1 . The theorem then essentially states that for any odd integer k that does not belong to the leftmost column, T 3 acts by left translation by one unit.
Letting k be the integer to the left of k, it is worth noting that the difference k − k is determined by the congruence class of k modulo a large enough power of 2. For example, if k ≡ 3 mod 4 then k = k − 2. Thus the action of T 3 can be thought of as being 2-adically continuous in k.
In [1] , the "rather long and technical" proof of Proposition 4.3 (our Theorem 1) is omitted. The authors indicate that the proof is by induction via a linear recurrence which they have developed ( [1] , §3):
Section 4 gives an original proof of Theorem 1. From Nicolas-Serre's recurrences, we produce new ones involving arbitrarily large powers of 2:
These deeper recurrences allow us to derive the statement for k from the statement for the integer k < k that is 2-adically closest to k. Precisely, (2) allows us to go from the odd integers contained in a certain set B 1 (i + 2) of representatives mod 2 i+2 to the next set of representatives B 2 (i + 2). Figure 2 shows both sets for i = 3; the recurrences should be viewed as allowing to slide B 2 (i + 2) onto B 1 (i + 2) to read off the action of T 3 . An analogous but significantly more laborious proof exists for T 5 .
The ideas introduced here appear applicable to a range of situations beyond level 1 and p = 2. In (Monsky, P: A hecke algebra attached to mod 2 modular forms of level 3, unpublished), Monsky builds on our methods determines the structure of the Hecke algebra attached to modular forms of level 3 modulo 2. Similar "deep recurrences" also appear in Medvedovsky's so-called nilpotence method ( [3] , § 5) which gives lower bounds on Krull dimensions of Hecke algebras acting on modular forms mod p. Her initial results hold for all primes p such that X 0 (p) has genus zero.
Modular forms mod 2: review of the results
This section gives a brief account of some of the results of [1] and [2] on the Hecke algebra acting on the ring of modular forms mod 2. The precise definitions of the terms we will use are given in Section 3.
The order of nilpotence of a modular form
The ring of modular forms of level 1 mod 2 is isomorphic to the polynomial ring F 2 [ ], where is the formal power series over F 2 whose coefficients are the reduction mod 2 of Ramanujan's τ function. In [1] , Nicolas and Serre investigate the action of the Hecke algebra on ( ) ⊂ F 2 [ ], the space of cusp forms. For an odd prime p, the action of T p is given by
a pn q n + a n q pn .
Example.
Working mod 2 gives the identity
Thus the action of T p on cusp forms mod 2 is determined by its action on the space F spanned by odd powers of . Following [1] , let A be the subalgebra of End(F ) generated by the T p and let m ⊂ A be the ideal generated by the T p . Nicolas and Serre describe the of the action of A on F by computing the order of nilpotence of each k . This is defined as the smallest integer n(k) such that m n(k) ( k ) = 0. In order to do this, they define the code [n 3 (k), n 5 (k)] and the height h(k) = n 3 (k) + n 5 (k) of an odd integer k. The height essentially measures the complexity of the binary expansion of k; it grows like k 1 2 . The surprising main theorem of [1] is that 
Structure of the Hecke algebra
In the sequel [2] , Nicolas and Serre use the results about the action of T 3 and T 5 to determine the structure of the Hecke algebra A acting on F. For each n, let F(n) be the space spanned by , 3 , . . . , 2n+1 . Let A(n) be the subalgebra of End(F (n)) generated by the T p . Let e be the element of the dual F(n) * that maps a polynomial f ( ) to the coefficient of q in its Fourier expansion. Nicolas-Serre identify A(n) with the dual F(n) * via the map T p → e • T p . Furthermore, they show that there is a surjective morphism
The A(n) form a projective system under restriction of the action; its inverse limit is the algebra A of Hecke operators acting of F. In the limit, the morphism ψ becomes injective and the authors conclude that A
. They conclude by computing explicit examples.
A dyadic ordering on the odd integers
In [1] , Nicolas and Serre attach to an integer k a pair of numbers obtained from its dyadic expansion. This pair will describe the action of T 3 and T 5 .
Definitions
Let k be an integer, and write the dyadic expansion of k as
Definition 1. The support of k is the set S(k)
= {2 i | β i (k) = 1}.
Definition 2. (i) The code of k is the following pair of integers
( 5 )
Remark.
• If S(k) only contains odd powers of 2 then
is a bijection between the odd positive integers and N 2 .
This allows of to view [n 3 (k), n 5 (k)] as coordinates in the plane.
Still following [1] , we use the code to define a new order relation on Z ≥0 .
Definition 3. If k and are positive integers, we define the relation ≺ as follows:
k ≺ if ⎧ ⎨ ⎩ h(k) < h( ) or h(k) = h( ) and n 5 (k) < n 5 ( ).
If k ≺ k , we say that k is lower than k and that k is higher than k.
The relation ≺ together with the standard equality becomes a total order when restricted to the odd integers. In terms of Fig. 3 , the heights correspond to the diagonals of slope , with the arrow pointing towards greater integers. The lowest odd integers are, in order of increasing height, 1, 3, 5, 9, 7, 17, 11, 13, 19, 21 . . . .
Properties
We now deduce some properties of the code as elementary consequences of binary arithmetic. The first lemma concerns congruences modulo powers of 2 and follows directly from the definitions of n 3 (k) and n 5 (k).
Lemma 1. Let k, be odd integers and for any integer n, let v 2 (n) be the 2-adic valuation of n. Then v 2 (k − ) ≥ i if and only if
where x is the largest integer smaller than x. Addition is not order-preserving for ≺ but we show in the next lemma that the height of a sum can nevertheless be bounded. We first introduce the notion of a code with negative coefficients in order to account for the fact that adding a positive integer can result in a decrease in the code.
Definition 4. Let k be an integer and let d be a representation of k as a sum of powers of 2
Note that this representation is no longer uniquely determined by k.
(i) We define the code of k associated to d as for the standard code:
(ii) For k fixed, the order relation ≺ from the previous section is defined on the set of all codes of k.
The following lemma borrows heavily from Proposition 2 in Nicolas-Serre's unpublished manuscript detailing their proof of Proposition 4.3.
Lemma 2. Let k and be integers with even.
(i) We have
(ii) If equality is achieved, then S(k) ∩ S( ) only contains even powers of 2, and if
) and moreover we have
(iii) In particular if k is odd and m is the odd integer such that
we have k + m with equality precisely when S(k) ∩ S(l) = ∅.
Proof. Statement (iii) follows from (i) and (ii) and the definition of the order relation ≺. We will first prove (i) and (ii) when
, allowing negative entries. These come from all possible binary representations of 2 i with negative coefficients, which are of the form
One of these representations corresponds to the change in the code of k induced by adding 2 i . Precisely, let S = {2 i , 2 i+1 , . . . , 2 i+n−1 } ⊂ S(k) be the longest list of consecutive powers of 2 starting with 2 i and contained in S(k). Then doing the addition with carries in binary arithmetic shows that S(k
represents the change on the code of k resulting from the addition of 2 i . In other words
The claim (i) is that in this setting,
Part (ii) states that there is equality if and only if n = 1 and i is even, in which case 
Checking this requires only the definition of the code. When = 2 i , (i) holds if one successively adds all powers of 2 contained in S( ). Likewise, (ii) holds inductively, since in order to preserve equality at each step, 2 i ∈ S( ) must satisfy that i is even and 2 i+1 / ∈ S(k).
The code of a polynomial
We extend the definition of the code to certain polynomials. We define the code of f to be the code of its highest exponent:
] . The height h( f ) and support S( f ) are likewise defined as h(e 1 ) and S(e 1 ).

Lemma 3. As an immediate consequence, if f
, g ∈ F then h( f + g) ≤ max{h( f ), h(g)}.
Lemma 4. Let f ∈ F. Then h 2 i f ≤ h( f ) + h 2 i . If equality is reached, then one of the following holds:
Proof. Let k be the highest exponent of f. If k + 2 i is the highest exponent of 2 i f , then the statement is an immediate consequence of Lemma 2. Otherwise there is another exponent j ≺ k such that j + 2 i k + 2 i . In that case Lemma 2 still gives the bounds
The action of T 3
The recurrences
Recall that F is the subspace of F 2 [ ] spanned by odd powers of . In [1] , Nicolas and Serre determine the following recurrence formula for the action of T 3 on F. Suppose k ≥ 4, then
This recursive linear relation for the action of T 3 is the central tool for our proof. We first produce from it what we refer to as deeper recurrences.
Lemma 5. For all i
satisfies the following relation:
Proof. The proof is by induction on i with starting point (9). We get the i+1 th identity by composing the i th identity with itself; repeated terms cancel since we work modulo 2.
Notation
Let k [a, b] be odd. We will interchangeably use k and [a, b], and unless specified otherwise, [a, b] will always denote the odd integer with the prescribed code. Additionally, let
Proof of the theorem
Proposition 4.3 in [1] states that the coordinate n 3 (k) encodes the action of T 3 . It, together with the analogous proposition for T 5 , constitutes the key technical result of [1] .
Theorem 1 (Proposition 4.3, [1]). Let f ∈ F, let [a, b] be the highest exponent of f, and let [c, d] denote the highest exponent of T 3 ( f ). Then:
(i) c + d ≤ a + b − 1 (ii) If a = 0, then [c, d] = [a − 1, b].
Lemma 6. If Theorem 1 holds for monomials in F then it holds for all f ∈ F.
Proof. Assume the theorem holds for monomials and let f ∈ F. It can be written:
We now apply T 3 and get that: Proof of Theorem 1. The proof is by induction on k, using the recurrence of Lemma 5:
This formula will allow us to recover 
By Lemmas 3 and 4, we have
Thus it suffices to bound these two terms. We first compute
We apply the induction hypothesis to T [0, b]−2 2i+2 and find that
Here we use ideas introduced in the proof of Lemma 2. All the possible ways in which subtracting 3 · 2 2i from [0, b] could modify the code correspond to all admissible dyadic representations of the negative integer −3 · 2 2i , where one allows both positive and negative binary coefficients. A quick study of the binary expansion of b reveals two possible representations :
This gives two possible cases:
We apply the induction hypothesis and use Lemma 4:
This shows that all terms in the recurrence have height less than b − 1.
where a = 0 is not a single, maximal power of 2.
Let i be the integer such that 2 i+2 < [a, b] < 2 i+3 , and assume that a = 2 i+1 2 . We will explain the induction process using the table introduced in Fig 3. Let
We refer to the B n (i) as boxes. When [n 3 (k), n 5 (k)] are used as a coordinate system in the plane, these subsets are indeed rectangular: it follows from Lemma 1 that they have dimensions 2 
; its code depends on the value of n and the parity of i, the latter determining the positions of the B n i on the grid of odd integers. That is, the shape and arrangement of the boxes are determined by the parity of i, and only their size depends on the actual size of i.
Case 1A: i is even. If i is even, the boxes are as in Fig. 5 and we compute: 
The comparison of (14) and (15) We will show that these three conditions cannot be fulfilled simultaneously with the restriction that we imposed on a.
Assume for contradiction that n = 5, 7 and equality is reached in (15) 
